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Table 1
p p*SE) p p2SpE) P p2S(p) p  p*S(p)
0.2 6.021 1.2 6752 22  8.417 3.2 10.789
0.4 6.085 1.4 17.017 24 8843 3.4 11.326
0.6 6.191 16 7.317 26 9.295 3.6 11.879
0.8 6.338 1.8 17.652 2.8 9772 8.8 12.446
1 6.525 2 8019 3 10270 4 13.026

p, no comparison is possible, but for p > 2 and Z > 10,
the values obtained by Peterlin coincide with ours to a
few per cent. Peterlin remarked that for large values of g,
the curve becomes nearly a straight line pointing through
the origin. We note that, in the limit L — «, this state-

Translational Friction Coefficient of Wormlike Chains 407

ment is only approximate; the asymptote of the curve rep-
resenting ¢2S(g) does not pass through the origin but only
in the vicinity (actually %5 is rather small compared with
6, the lower bound of p2S(p)).

On the other hand, in the limit L — «, the approxima-
tion of Heine, Kratky, Porod, and Schmitz leads to values
of p2S(p) which are not very different from ours (see Fig-
ure 4) and in the range 0 < p < 4, the error is only of the
order of five per cent.

The method used here gives exact results and therefore
is more powerful in this limit but it is not so easy to ex-
tend it to the case of finite chains.
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ABSTRACT: The translational friction coefficient of stiff chains without excluded volume is evaluated by an ap-
plication of the Oseen-Burgers procedure of hydrodynamics to wormlike cylinder models. Some comments on poly-
mer hydrodynamics are given in connection with Ullman’s criticism on the Hearst-Stockmayer theory for wormlike
bead models. The mean reciprocal distance between a point on the cylinder surface and a point on the cylinder axis
is required for the present calculation, and is evaluated using the second Daniels approximation to the distribution
function together with the cubic approximation. In order to test this approximation, numerical results obtained for
the mean reciprocal distance by the use of a computer are also presented. The final results may be written in terms
of only the chain contour length, the Kuhn statistical segment length A-1, and the molecular diameter d. Estimates
of A\-1 = 1300 + 50 A and d = 25 £ 1 A are obtained for DNA by an analysis of its sedimentation coefficients on the

basis of the present theory.

The wormlike chain model of Kratky and Porod! has
very often been adopted as a useful approximation to the
equilibrium and nonequilibrium behavior of stiff chain
macromolecules such as DNA and cellulose derivatives in
solution. The study of the distribution functions for worm-
like chains was made first by Daniels,2 and subsequently
by Hermans and Ullman?® and others.4:5 In particular, the
Daniels distribution function has provided a basis for
many investigations of the physical properties, for in-
stance, the hydrodynamic properties of stiff chains. Re-
cently, Gobush and his collaboratorsé® have derived the
asymptotic solution for the bivariate distribution function
of the position and tangent vectors at the end point of the
chain in an approximation higher than the Daniels ap-
proximation, and Yamakawa and Stockmayer® have ap-
plied it to a calculation of the expansion factor and second
virial coefficient for wormlike chains with small excluded
volume. The object of the present paper is to apply the
same distribution function further to a calculation of the
translational friction coefficient, which is related to the
sedimentation and diffusion coefficients. The intrinsic vis-
cosity will be studied in the next paper, for convenience.

The first hydrodynamic theories for wormlike chains
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were developed independently by Peterlin,” by Hearst and
Stockmayer,® and by Ptitsyn and Eizner.® These investi-
gators calculated the sedimentation coefficient for worm-
like bead models on the basis of the Kirkwood general
theory0 of transport in polymer solutions but with the use
of somewhat different approximations to the mean recip-
rocal distance between two points on the chain contour.
Further investigations along this line were later made by
many workers.1! However, such bead models were criti-
cized by Ullman2.13 from the point of view of classical
hydrodynamics. For the reason stated below, he adopted
wormlike cylinder models, instead of bead models, to cal-
culate the intrinsic viscosityl? and translational friction
coefficient1® on the basis of the Kirkwood-Riseman theo-
ry.1t

Now, Ullman’s criticism on the Kirkwood procedure for
bead models is the following. The Kirkwood procedure as-
sumes that hydrodynamic interaction exists between any
two beads but does not within a given bead, and this as-
sumption leads to the manifestly absurd result that all
final equations are written in terms of an arbitrarily cho-
sen bond length between contiguous beads. However, it
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(10) J. G. Kirkwood, Recl. Trav. Chim., 68, 649 (1949); J. Polym. Sci., 12,
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(11) See, for example, H. Yamakawa, “Modern Theory of Polymer Solu-
tions,” Harper & Row, New York, N. Y., 1971, Chapter VI.
(12) R. Ullman, J. Chem. Phys., 49, 5486 (1968).
(13) R.Ullman,J. Chem. Phys., 53, 1734 (1970).
(14) J. G. Kirkwood and J. Riseman, J. Chem. Phys., 16, 565 (1948).
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seems to us that his criticism is not correct for at least
two reasons. First, the Kirkwood procedurel®.1¢ gives cor-
rectly Stokes’ law for a single bead in a uniform and con-
stant unperturbed solvent flow field provided that the
bead possesses a Stokes diameter. Second, from the point
of view of classical hydrodynamics, all final results should
rather be written in terms of the dimensions of a given
system, i.e., the diameter of each bead and the spacing, or
the spatial distribution of beads, for the present case.
Thus, the Kirkwood procedure for bead models is not
unphysical except that the Zwanzig singularities!d occur.
However, it is known that fortunately these singularities
disappear apparently because of the mathematical ap-
proximations, e.g., the preaveraging of the Oseen tensor.
Rather, a defect of the Hearst-Stockmayer theory® for
bead models is concerned with its practical application to
experimental data; it does not give correct numerical re-
sults, particularly in the limit of rods, for the sums in the
Kirkwood formula are inappropriately replaced by inte-
grals. In the previous paper,® we have shown that when
treated carefully, touched-bead models for rods give nu-
merical results which do not appreciably differ from those
obtained by an application of the Oseen-Burgers proce-
durel?-18 to continuous cylinder models.??:20 By the term
“QOseen-Burgers procedure,” we mean a convenient meth-
od in classical hydrodynamics for calculating frictional
forces from the requirement, or the boundary condition,
that the mean relative velocity of a fluid be zero over any
cross section of a body.

Although Ullman2-13 adopted continuous cylinder
models, the method he used is not the Oseen-Burgers pro-
cedure as defined above and his formulation is not cor-
rect, as shown in section I. In fact, his final results are
written in terms of not only molecular dimensions but
also a phenomenological friction constant per unit length
along the cylinder axis. This is absurd, as is evident from
the above discussion.

" In section I, a correct application of the Oseen-Burgers
procedure is made to wormlike cylinder models. Edwards
and Oliver?® have recently solved Stokes’ equation of
hydrodynamics for flexible Gaussian cylinders to calculate
the translational friction coefficient. Although both meth-
ods require introduction of several mathematical approxi-
mations, the convenient procedure of Oseen and Burgers
is amenable to subsequent rigorous mathematical treat-
ments except the use of the well-known Kirkwood-Rise-
man approximations at least in the Gaussian coil limit.
For this reason, we adopt the Oseen-Burgers procedure.
The mean reciprocal distance is needed also in the present
case. As is well known, its exact evaluation is impossible,
and in section II, we carry out both approximate analyti-
cal and computer calculations. The final results are sum-
marized in section III, and in section IV applied to a de-
termination of molecular dimensions of DNA.

1. Formulation

Consider a wormlike cylinder of contour length L and
radius @, and suppose that the center of mass possesses
the translational velocity U in a solvent with viscosity
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Figure 1. Wormlike cylinder model used for the hydrodynamic
calculation on the basis of the Oseen-Burgers procedure.

coefficient 7o, whose unperturbed flow field is nonexistent.
For convenience, all lengths appearing in all molecular
properties are measured in units of the Kuhn statistical
segment length A~1, the persistence length being (2\)-1.
Following the Oseen-Burgers procedure, we replace the
cylinder by a frictional force distribution f(x) per unit
length along the cylinder axis as a function of the contour
distance x from one end. As depicted in Figure 1, let r be
the normal radius vector from the contour point x on the
axis to an arbitrary point P which would be just located
on the cylinder surface if the cylinder were present, so
that
r=q
1
ru, = 0

with ug the unit vector tangential to the axis at the point
x, and let R be the distance between the contour points x
and y. For an instantaneous configuration, the velocity
v(P) of solvent at the point P relative to the velocity U of
P may then be expressed as

WP) = -U + f "T(-R + r{G)dy @)
0

where T is the Oseen tensor )
I RR
TR) = e (I + Rz) (3
with I the unit tensor.

Now, the Oseen-Burgers procedure requires that values
of v(P) averaged over a normal cross section of the cylin-
der vanish for all values of x ranging from 0 to L; that is

V(P =0 for0 <x <L (4)

where (), designates the average over r, assuming its uni-
form distribution subject to the conditions given by eq 1.
In eq 4, we have ignored end effects, as was done by Burg-
ersi® and Edwards and Oliver.2! For an instantaneous
configuration, we then have, from eq 2 and 4

fo “T(R + o) fy)dy = U ®)

Next, we must take the configurational average. In doing
this, we preaverage the Oseen tensor, for simplicity
1

(T(-=R + r)) = (?no(iR - ¥l (6)
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where we have simply designated the two averaging pro-
cesses by the symbol (). Equation 5 then becomes

L
[ R = )iy = 6rn,U %

If we define a function y¥(y) by
{#(y) = 6mnap(y)U )

then from eq 7 and 8, there is obtained an integral equa-
tion satisfied by y

L
ﬁKm—ywmw=1 ©)

with
Kix — yp=(R — ™ (10)

Now, the mean total frictional force (F) is given by

L L
F) = fo (f)dx = 67m,U fo Yode (1)

and the translational friction coefficient E is defined by

(F) = EU (12)
so that.

L
= = 6y f Yz (13)
0

If we use the Kirkwood-Riseman approximation!4 to solve
the integral equation 9, we obtain

L pL -1
z - 67r170L2|: f f K(x - y!)dxdy:| (14)
1} [¢]

L
STk _ g f (L — HK(2)dt (15)
= 0
with |x — y| = t. In the later sections, we evaluate = on

the basis of eq 15.

It is seen that the integral eq 9 does not contain the ex-
ceptional part y(x) leading to the so-called draining term.
On the other hand, it appears in the Kirkwood-Riseman
integral equation for bead models and also in the Ullman
integral equation for wormlike cylinder models. In fact,
our eq 15 formally corresponds to the nondraining limit in
the formulation of Ullman, and therefore does not contain
the phenomenological friction constant {. Furthermore,
Ullman has not explicitly stated the physical meaning of
the kernel. As seen from eq 10, our kernel has the mean-
ing of the mean reciprocal distance between a point on
the cylinder surface and a point on the cylinder axis.

Very recently, Fujita?? has applied the Oseen-Burgers
procedure to flexible bead models. In this case, it is sup-
posed that discrete point forces are distributed at the cen-
ters of beads, or small spheres, and average velocities at
the surface of each bead are required to vanish. His inte-
gral equation contains an exceptional part y(x) as in the
Kirkwood-Riseman integral equation, though the kernels
are somewhat different from each other. His final result in
a first approximation is equivalent to that obtained pre-
viously by Yamakawa.23 Therefore, we may draw the fol-
lowing conclusions:24 (1) The occurrence of the draining
term is peculiar to discrete bead models and it never ap-
pears for continuous cylinder models; (2) both the Kirk-
wood procedure and the Oseen-Burgers procedure give

(22) H.Fujita, private communication.

(23) H. Yamakawa, J. Chem. Phys., 53, 436 (1970).

(24) We have arrived at these conclusions through discussions with H.
Fujita.
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equivalent answers for bead models; and (3) the former
procedure is therefore not unphysical except the occur-
rence of the Zwanzig singularities. Thus, both touched-
bead models treated by the Kirkwood procedure and con-
tinuous cylinder models treated by the Oseen-Burgers
procedure may be regarded as valid for wormlike chains,
though somewhat different numerical results will be ob-
tained from the two approaches.

II. Mean Reciprocal Distance

The problem is to evaluate the kernel, or the mean re-
ciprocal distance, K(t). However, it is impossible to do
this exactly, and we therefore adopt the second Daniels
approximation® to the distribution function together with
the cubic approximation of Hearst and Stockmayer.® This
approximation is tested with the use of computer values.

Theoretical Evaluation. It is evident that in the limit ¢
-0 (rods)

ImEK((t) B Ko@) = (t2 + a?) 2 (16)
t—=0
In the case of ¢t > 1, it is usual to expand |[R — r|-11in
terms of spherical harmonics in order to take the average
over r. However, this expansion is not convenient in find-
ing the subsequent average over R, and we must resort to
a different method. Now, we recall the relation2?

TR + 1 = (k21 or kk) exple(R — )Mk
o (17)

From eq 8, 10, and 17, we have

3 -
Kl = 73 <Lk4k£)(exp[ﬂ<-(R - rhdk (@8)

Clearly the average in the integrand must be a function of
Ik{, and therefore eq 18 reduces to

9 =
K@) = ;f {exp[ik(R — r)Ddk 19)
0
Now, the average in eq 19, which we designate by
G(k;t), may be written in the form

G(k;t) = {exp[ik(R — r)]) =
1 X ’
Q;deduoP(R,uo;t) exp(tkR) f dr exp(—ikr) (20)

where P(R,uy;t) is the distribution of the end-to-end vec-
tor R and the initial unit tangent vector uo for the chain
of contour length ¢, and the prime on the integration sign
indicates that the integration is carried out under the con-
ditions given by eq 1. In this paper, we do not consider
the excluded-volume effect, and therefore P is the unper-
turbed distribution. If we introduce the Fourier transform,
or the characteristic function, / of the conditional distri-
bution function P(R |uo;t)

Iklugt) = [P(Rlugt) exp(zk'R)dR (21)
with
P(Rlugt) = 47 P(Rugt) (22)
then eq 20 may be rewritten in the form
1 ! )
Glkit) = Wfduof(k\uo;t)f dr exp(—tkr) (23)
When we perform the integration over r and R, we

choose ug in the direction of the z axis of the Cartesian
coordinate system, and use spherical polar coordinates
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u = e,
k= (k6090 @0 =0
r= (ab,p) 6 = %

=(ROD)

The integral over r in eq 23 may then be evaluated as

(24)

f exp(—tkr)dr = f exp(—iak sin 8, cos ¢)dy =
’ 2w J (ak sin 8,) (25)

where Jj is the Bessel function of the zeroth order

2 cos «xt
Jolx) = f 1= tz)mdt

Note that we have put ¢o = 0 since the characteristic
function I is independent of ¢g, as shown below.

Further, the conditional distribution P, which was pre-
viously obtained in the second Daniels approximation,é
reads in the present notation

3/2
3R? 2R 33R:
P(Rlugt) = (2 t) eXp<__27>[ 8t T T T

(26)

79 _ SR | G190R: _ BMIRS | 1089R®
8402 ~ 240 T 16007 ~ 14005 T 320060
3K %R  153R° 99R®
<§_W 407 80t4>P (cos ©) +
R 67R? . 9%lR* 33R
(ﬁ T80 T Be0rt 80t5)P Acos ©) +
B3R b cos ) + B b (cos 9) + - :Ifort>>1
o6 L Ta007 L 4

(27)

The characteristic function I has also been obtained pre-
viously, though not given explicitly, in the course of the
derivation of P; it reads in the second Daniels approxima-
tion
1 1 11

Iklugt) = exp("—tk2)(l + gkz - mtk“ +
917 19 121
13, zook 7560 %+ 2,332,800t *

mk sin® 00 cos?

1
Ek2 cos? f, ~
- mk“ cost 6, +

. 1., .
Toorntk® cos? 6, + lk cos 6, + mzk3 sin? 6, cos 6§, +

12, 960

72zk cos® 6, — il itk® cos 0, + ) for t > 1 (28)

where we have retained terms of 0(t-2). Note that k2 =
0(t~1). Since I is independent of ¢, it is convenient to
change the direction of the z axis from u, to k in order to
perform the integration over ug in eq 23. Thus, from eq
19, 20, 23, and 25, K(t) may be written in the form

K@ =2 [ [ sin 8oTiak sin 8T (kustidkdt (29)
0 0

We first consider the limit ¢ — « (coil limit), for conve-
nience. From eq 28, we have

lim I(klugt) = exp(— %tk2> (30)

t— o

Substitution of eq 30 into eq 29 and integration leads to

_ (6 13 3a
k0 = (2) . (35-%) e

where 1F is a hypergeometric function defined by

limK@¢) =

t-so
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Tablel
Computer Values of tK(t) of the Discrete Chain with d = 0.005
for Various Sets of Parameter Values

n ! t cos § m tK(t)
500 0.0002 0.1 0.9996 788 1.0345
200 0.0005 0.1 0.999 469 1.0328

50 0.002 0.1 0.996 1000 1.0336

10 0.01 0.1 0.980 2000 1.0330
80 0.01 0.8 0.980 2000 1.3142
40 0.02 0.8 0.960 4000 1.3196

20 0.04 0.8 0.920 2000 1.3148

20 0.04 0.8 0.920 3000 1.3195

20 0.04 0.8 0.920 4000 1.3203

_ W& a + n)e”
1Filagyie) Ta) ZI’(‘V + n)n! 32)

with T'(a) the gamma function. It can be shown that the
expansion of K.(t) given by eq 31 and 32 is identical with
that of the error function; and we find

2\1/2
K. =1 erf(3“ )1 (33)
where erf (x) is defined by
2 X
erf(x) = mf exp(—#2)dt (34)
0

Next, in order to find the second Daniels approximation
to K(t), we expand the Bessel function in eq 29 as

1
Jolak sin ) =1 — ZGQkQ sin? 6, +
1
ga @'k sin* 6, — = (35)

up to terms of 0(¢~2). Substitution of eq 35 into eq 29 and
integration leads to

6 1/2 1
K(t) = (m) |: - 7+ 20a2) —
73 1176a>  1008a°
4480t2<1_ 73 T 73 >+ ] for ¢ >1(36)

We note that the expansion given by eq 36 becomes iden-
tical with that of K.(t) given by eq 33 if we retain only
terms (a2/t)" ineq 36foraand t — .

Now, we join the K(t) given by eq 36 and the Ko(¢)
given by eq 16 to complete an approximate expression for
K(t) valid for all values of ¢(= 0), following the procedure
of Hearst and Stockmayer.8 That is

6 1/2 1
K@ = () 1 - g + 50 -
73 294d? 63d*
4—480t2<1 - 73 _W)] fort > o
1 -1/2
= <t2 +Zd2) I+ ft + ft2+ [P fort <o

(37)

where we have used the diameter d = 2a instead of q, for
convenience. We determine the constants ¢ and f; in such
a way that the two K(t)’s have the same first and second
derivatives at their intersection t = ¢. Then, ¢ and f; be-
come functions of d. For simplicity, however, we adopt
the value of ¢ at d = 0 for all values of d. Further, we ex-
pand f; in terms of d and retain terms up to d4 sinced <1
for real stiff and flexible chains (with finite stiffness). In-
deed, the K(t) given by eq 37 becomes invalid for large d
except in the range of ¢t > 1. With the use of the known
relation f1 = ¥3atd = 0,8 we can then obtain the results
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o = 2.278
f, = 0.3333 + 0.04080d? + 0.004898d* + 0(d°)
f, = 0.1130 - 0.04736d% — 0.002270d* + 0(d ®)

f, = —0.02447 + 0.009666d° + 0.0002060d* + 0(d°)
(38)

Computer Calculations. Consider a freely rotating
chain composed of n bonds of length [ joined with comple-
mentary bond angle 8. It is well known that the wormlike
chain composed of n bonds of length [ joined with comple-
from this discrete chain by letting

n— ®
I—0 (39)
6 —0
subject to the conditions
nl =t
1 - cos @ = 2

Therefore, we may replace wormlike chains approximately
by discrete chains having very small but finite # and satis-
fying the conditions given by eq 40, and calculate numeri-
cally the mean reciprocal distance and also various mo-

ments.

Now, consider a Cartesian coordinate system (ey;,
ey; e.;) associated with the jth bond of the discrete chain,
and assume that the j+1th bond vector is given by rj.1 =
(1,0,0) = 1 (column vector) in its own coordinate system.
The j+1th coordinate system may be transformed to the
jth one by the transformation matrix T;(6,4;),2% where ¢;
designates the rotational states of the jth bond. When we
calculate the moments, the first bond vector r; may be
fixed. The distribution of the end of the nth bond will
then be cylindrically symmetric about ry. It is therefore
convenient to make the first coordinate system (ex1,
ey1,e,1) coineide with an external coordinate system (eq,
ey e;). Further, the normal radius vector r may be fixed
so as to satisfy the condition, r-ue = r-ex = 0. Thus we
choose r in the direction of e,, for convenience. In matrix
notation, we then have

(40)

n

. !
R-r=2 IfT;(0,¢j)l + (‘d/ 2) 4D
0

=2 j=1

We can calculate |R — r|-1, R-up, and R?* from eq 41,
and then their statistical averages, generating random
numbers in the ranges 0 < ¢; < 2r j = 1, -, n) on a
computer. Practically we generate random numbers with
sine and cosine distributions by the rejection method,26
since ¢; appear as sin ¢; and cos ¢;. All numerical compu-
tations have been carried out using a FACOM 230-60 digi-
tal computer at this University.

Our first problem is to test the wormlike nature of these
discrete chains. For this purpose, we have calculated the
product tK(t) for various assigned values of the parame-
ters satisfying the conditions given by eq 40, taking d as
0.005. (Note that the wormlike nature is independent of
d.) The results are summarized in Table I, where m desig-
nates the number of generated chains. Clearly, the small-
er 1 — cos ¢ is, the more wormlike the discrete chain is.
However, it is seen that tK(t) is rather insensitive to the

(25) P. J. Flory, “Statistical Mechanics of Chain Molecules,” Interscience
Publishers, New York, N. Y., 1969,

(26) M. Fluendy in “Markov Chains and Monte Carlo Calculations in
Polymer Science,” G. G. Lowry, Ed., Marcel Dekker, New York, N.
Y., 1970, Chapter 3.
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Figure 2. Computer values of the moment (R-uo) plotted against
the contour length ¢. The full curve represents the exact values.
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Figure 3. Computer values of the ratios of the moments (R2%)/
(R?*)., plotted against the contour length ¢. The full curves repre-
sent the exact values.

model, or the value of §, and also the value of m over the
range examined. Thus, for convenience, we have chosen
the two sets of parameter values: [ = 0.01, cos # = 0.980,
m = 2000 for 0 <t <0.8and ! = 0.04, cos § = 0.920, m =
2000 for ¢t = 0.8. Further, we have tested the wormlike na-
ture with respect to the moments (R-uo), (R2), (R*%), and
(R%) whose exact values are known.1-3.27 For example, the
first two of them are given by

Ry = 71 —e™™) (42)

(RY =t -3 -e™ (43)

The results are shown in Figure 2 for (R-uo) and in Fig-
ure 3 for (R2k)/(R2%)_, where (R2*). is the coil limit of
(R2*) for t — =. The full curves and small circles repre-
sent the exact and computer values, respectively. The sta-
tistical fluctuations (relative errors) in these computer
calculations are indicated by the vertical line segments in
the figures; for example, £2.4% for (R?), %£3.9% for (R*%),
+5.3% for (R%), and £5.2% for (R-up) at ¢ = 1.2. The er-
rors are seen to increase with increasing t. However, our
discrete models are seen to represent wormlike chains
very well within statistical fluctuations over the range
studied.

(27) S. Heine, O. Kratky, G. Porod, and P. J. Schmitz, Makromol. Chem.,
44-46, 682 (1961).
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Figure 4. Computer values of tK(t) = t(R-1) plotted against the
contour length t. The curves represent the approximate theoreti-
cal values; full curve, present theory (eq 37); chain curve PE, the
Ptitsyn-Eizner theory (eq 44);? broken curve U, the Ullman theo-
ry (eq 45).12
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Figure 5. Computer values of tK(t) = t(|R — r|-1) plotted
against the contour length ¢ for d = 0.01 (0), 0.02 (0-), 0.03 (Q),
0.05 (-0), 0.07 (&), and 0.1 (e). The curves represent the approx-
imate theoretical values as in Figure 4, and the numbers attached
to them indicate the values of d.

Thus, the numerical results obtained for tK(t) = t{|R -
r|~1) are shown in Figure 4 for d = 0 and in Figures 5 and
6 for various finite values of d. The errors at t = 1.2 are
+2.5% almost independently of d for d < 0.1 and +3.8%
for d = 1.0, and these errors increase with increasing ¢ as
before. The accuracy of K(t) is of the same order as that
of (R2) and is fairly high compared with those of the other
moments. In these figures, the full curves represent the
theoretical values calculated from eq 37 and 38, and the
numbers attached to them indicate the values of d. It is
seen that our approximate expression for K(t) is fairly sat-
isfactory, especially for typical stiff chains with d < 0.1.
We note that the second Daniels approximation to K(t) is
quite accurate for ¢t > ¢, and that the values predicted by
the Hearst-Stockmayer approximation based on the first
Daniels approximation are very close to ours. In the fig-
ures are also shown the values predicted by the Ptitsyn-
Eizner approximation to K(t) for d = 0 (chain curve)®

K@) = [t - 30 - e™]7?(0.427 + 05731802 -
312t + 214 — 108(t + 2)e™® + 2¢7%]/27 x
2t — 1 +e*3 (PE) (44)

Macromolecules
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[} 0.5 1.0 1.5 2.0 2.5 3.0

t

Figure 6. Computer values of tK(t) = t|R — r|-1) plotted
against the contour length ¢ for d = 0.1 (e) and 1.0 (e). The
curves represent the approximate theoretical values as in Figure
4, and the numbers attached to them indicate the values of d.

08 r

1 1
) 10 102 10% 104
LE/d
Figure 7. The ratio Z./= of the translational friction coefficients
plotted against the logarithm of the ratio of the square root of the
contour length L to the diameter d. The numbers attached to the
curves indicate the values of d. The broken curve represents the
coil limiting values calculated from eq 46 and 48.

Table 11
Molecular Dimensions of DNA
Theory A-1(A) d (&)
‘Present theory 1250 25-26
1300 24-26
1350 24-26
Hearst-Stockmayer 1250 18-20
1300 17-19
1350 16-19

and by the Ullman approximation for d = 0, 0.1, and 1.0
(broken curves)12

K@) = [t — 0 - ™) + $d%7 x

{1 + 0.38(1 — %% — 0.2te’®] (U) (45)

It is seen that the Ullman values are close to ours, while
the Ptitsyn-Eizner values are slightly underestimated.
However, we note that for large ¢ all the curves coincide
with one another irrespective of the values of d.
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1 L L
10 102 10® 104 108
L/d
Figure 8. The ratio Zo/= of the translational friction coefficients
plotted against the logarithm of the ratio of the contour length L

to the didmeter d. The numbers attached to the curves indicate
the values of d.

1 1 1
108 108 107 10® 10°
M

Figure 9. Double-logarithmic plots of s (sedimentation coefficient
in svedbergs) — 3.8 against the molecular weight M; e, data of
Kawade and Watanabé3! and Iso and Watanabe®2; O, data of
Doty, McGill, and Rice®3; —, data of Crothers and Zlmm34 Q,
data summarized in the table of Schmid, Rinehart, and Hearst.3%
The full curve represents the theoretical values calculated from
eq 49 to 52, 57, and 58 with A-1 = 1300 A and d = 25 A.

III. Results

Having established the expression for the kernel K(t),
we now proceed to a calculation of the friction coefficient
Z. We first calculate the coil limit of =, which we desig-
nate by Z*. Substitution of eq 33 into eq 15 and integra-
tion leads to
STk (6L)”2[( o+ x5z ) erf(x) +

W(5 + %) exp(—2?) — x — éxa]
1 ( g)uz va[l - _g_(%)w ( Ll/z) + %( )
a(5) (&) + ] wo

8L (47)

|&

1/

3

h

with
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and We therefore have
2 Ly 12
lim 2% =% =7{g) 7nl'? (48)

The. Z% given by eq 48 is equal to the Kirkwood-Riseman
value for flexible chains (with (R2)1/2 = L1/2) in the non-
draining limit.1¢ In the present theory, Z« is the friction
coefficient of infinitely long and infinitely flexible chains.
Although Edwards and Oliver?! have derived an expan-
sion similar to eq 46, their numerical coefficients involve
several mathematical errors,

For wormlike chains, substitution of eq 37 and 38 into
eq 15 and integration leads to

3700k | 4LV 4 Ay ALV 4
ALY + ALTY for L> o (49)
with

N\ 1/2 .
A, = %(%) = 1.843

A, = —[1 - 0.01412¢> + 0.00592d* + 0(d®] In d -
1.0561 — 0.1667d — 0.1900d - 0.0224d° +

0.0190d* + 0(d®)

A, = 01382 + 0.6910d> (50)

A, = ~[0.04167d* + 0.00567d* + 0(d®] In d -

'0.3301 + 0.5d — 0.5854d? — 0.0094d> —
0.0421d* + 0(d%

Ay = —0.0300 + 0.1209d% + 0.0259d*

and
3nnol :
”Z_" =C, In (%>+ C, + CL + C,L* + C,L® +

g)n (b - %) e ol + ez +
co($) + o[(§)] frzce e

C, = 1 — 0.01412d%® + 0.00592d* + 0(d%)

C, = 0.3863 ~ 0.1667d + 0.0016d%2 — 0.0224d3 -
0.0007d* + 0(d®)

C, = 0.1667 + 0.0222d” + 0.0017d* + 0(d°)

with

C, = 0.01883 — 0.00789d> — 0.00038d* + 0(d®)
Cs = —0.002039 + 0.000805d> + 0.000017d* + 0(d°)
Ce = 0.04167d + 0.00567d° + 0(d%) (52)
C, = 0.5 + 0.0786d — 0.0094d? + 0.0107d° +
0.0039d* + 0(d%)
Cgs = —0.06250 + 0.00132d*> - 0.00055d* + O(d‘;)
Cy = 0.001302d + 0.000181d° + 0(d%)
Cp = 0.001953 - 0.000064d> + 0.000027d* + 0(d®)

As seen from eq 48 and 49, in the limit L — «, X be-
comes Z. irrespective of the values of d. On the other
hand, the long-rod limit of X, which we designate by Zo,
may be obtained from eq 51 by letting d and L approach
zero at constant L/d (>>1); that is
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lim £ =5, (53)
dL-0
Lid— =

3—’% = In (g) + 03863 (54)

Broersma has applied the modified Oseen—Burgers proce-
dure to rigid straight cylinders, and obtained the value of
0.38 for the corresponding constant on the right of eq
54.20,28

The results obtained by Hearst and Stockmayer (HS)8
for wormlike touched-bead models are similar to our eq
49-52. Their first two coefficients in eq 49 and 51 are
given by

A(HS) = 1.843
Ay(HS) = -Ind - 1431

55
CiHS) =1 %9

C,(HS) = 0(d — 0)

Their A, is exactly the same as ours, and our A; becomes
equal to ~ln d — 1.0561 for small d. Therefore, applica-
tion of the Hearst-Stockmayer equation to experimental
data for typical stiff chains leads to smaller estimates of
d. Further, their C; is equal to ours for small d. However,
it is important to observe that their C; differs from ours
for small d. If the sums appearing in the Kirkwood formu-
la are treated correctly, the Hearst-Stockmayér procedure
gives the Euler constant 0.5772 instead of 0 for Cz at d =
0. As stated in the Introduction, this is a defect of the
Hearst-Stockmayer theory.

As shown in section II, Ullman’s kernel is numerically
close to our kernel, and the important difference between
his and our theories consists in the existence of the drain-
ing term in the former. Therefore, Ullman’s theory will
predict approximately the same values for Z as our theory
when we let his parameter « (friction constant per unit
length) approach infinity.

The values of Z./Z calculated from eq 48 to 52 as a
function of L1/2/d for various values of d and for L/d = 10
are plotted against the logarithm of L1/2/d in Figure 7.
The numbers attached to the curves indicate the values of
d, and the broken curve represents the coil limiting values
calculated from eq 46 and 48. This figure is useful for typ-
ical flexible and wormlike chains. It is interesting to ob-
serve that the curve for d = 1.0 is already very close to the
broken curve for the coil limit. Now, the ratio Z./Z is
equal to the ratio s/s. of the sedimentation coefficients.
From Figure 7, it is seen that the ratio s/s. is almost in-
dependent of L and hence of the molecular weight M for d
= 0.3 — 0.5 and L/d 2z 102 This may well explain the
well-known experimental results for flexible chains at
theta temperatures that indicate the nonexistence of the
draining effect in Kirkwood’s language. A similar explana-
tion may also be given by the use of wormlike bead mod-
els.8:2% Another explanation has already been given for
flexible bead models;2?® the ratio s/s. has been shown to
be nearly independent of M when the ratio of the diame-
ter of the bead to the bond length has appropriate values.
There will probably be no possibility of any other expla-
nation of the constancy of the ratio s/s,. The values of
Zo/Z calculated from eq 49 to 54 as a function of L/d for
various values of d are plotted against the logarithm of
L/d in Figure 8. The numbers attached to the curves indi-
cate the values of d; the case of d = 0 corresponds to rigid

(28) See also Table I of ref 16,
(29) J. E. Hearst and Y. Tagami, J. Chem. Phys., 42, 4149 (1965).
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straight rods. Thus, this figure is useful for rigid rods and
weakly bending (wormlike) rods.

IV. Application to DNA

The translational friction coefficient Z is related to the
sedimentation coefficient s, which is experimentally ob-
servable, by

where N, is the Avogadro number, 0 the partial specific
volume of the polymer, and p the density of the solvent,
and E is measured in units of A-1 as before. If My is the
molecular weight per unit length of the cylinder axis, we
have

L = MM, (57)

so that s becomes a function of M, A, and d when M; is
given.

It is known that M, = 195 daltons /A for DNA, and the
published data for DNA solutions have been obtained
under the conditions that 0p = 0.556 and o = 0.01 P. We
therefore have

377770L

—
~
—

s= 1.525( ) (for DNA) (58)
where s is expressed in Svedbergs. We apply eq 58 to the
published data, assuming that the excluded-volume effect
is small for most of the studied samples.3¢ Figure 9 shows
double-logarithmic plots of s — 3.8 (in Svedbergs) against
M, following Hays, Magar, and Zimm.3? It includes not
only the data31-34 displayed in the figure of ref 30 but also
the data summarized in the table of Schmid, Rinehart,
and Hearst.35 If we assume a linear relationship between
log (s — 3.8) and log M over the range displayed in Figure
9, the method of least squares gives the experimental
equation

log (s — 3.8) = 0.476 log M — 2.066

Now, we can obtain theoretical values of s as a function of
M for given values of A and d from eq 49-52, 57, and 58.
Then, we can choose the best values of A and d to make
the theoretical values of s come as close as possible to the
values given by eq 59. Three possible pairs of values of
A-1 and d thus determined are given in Table II, where
we have used the symbol d in place of A-1d. Thus we may
conclude that A-1 = 1300 £ 50 A and d = 25 £ 1 A, The
full curve of Figure 9 represents the theoretical values for
A-1 = 1300 A and d = 25 A. A similar analysis has been
made by the use of the Hearst-Stockmayer equation, and
the results are given in Table II, the best values being A-1
= 1300 % 50 A and d = 18 = 2 A. Thus, both theories give
the same value of A~1, though the Hearst-Stockmayer
theory gives a smaller value of d than does our theory.
This value of A~1 is in agreement with its well-established
value,30:35 and our value of 25 A seems more reasonable
as the hydrated helix diameter of DNA .36

(59)

(30) J. B. Hays, M. E. Magar, and B. H. Zimm, Biopolymers, 8, 531
(1969). ‘

(31) Y. Kawade and I. Watanabe, Biochim. Biophys. Acta, 19, 513 (1956).

(32) K.IsoandI. Watanabe, Nippon Kagaku Zasshi, 78, 1268 (1957).

(33) P. Doty, B. McGill, and S. Rice, Proc. Nat. Acad. Sci. U. S., 44, 432
(1958).

(34) D.M. Crothers and B. H. Zimm, J. Mol. Biol., 12, 525 (1965).

(35) C. W. Schmid, F. P. Rinehart, and J. E. Hearst, Biopolymers, 10, 883
(1971).

(36) M. Feughelman, R. Langridge, W. Seeds, A. Stokes, H. Wilson, C.
Hooper, M, Wilkins, R. Barclay, and L. Hamilton, Nature (London),
175, 834 (1955).
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V. Conclusions

We have evaluated the translational friction coefficient
of wormlike cylinders by the Oseen-Burgers procedure.
The final results may be written in terms of only the mo-
lecular dimensions. From the point of view of classical
hydrodynamics, the Ullman theory is not correct; it is cor-
rect only when his parameter o (friction constant per unit
length) is taken as infinity. The Hearst-Stockmayer theo-
ry is not unphysical, though its application leads to small-
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er estimates of the diameter of the cylinder than does the
present theory in the case of typical stiff chains. An anal-
ysis of the intrinsic viscosity of wormlike cylinders will be
given in the next paper.
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Thermodynamic and Structural Properties of
Polystyrene-Polybutadiene-Polystyrene Block Copolymers
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ABSTRACT: Four polystyrene-polybutadiene-polystyrene (SBS) triblock polymers were anionically polymerized
under controlled conditions so that (1) the polystyrene composition remained constant {~27%), (2) the diblock and
homopolymer impurities were low (<1%), (3) the heterogeneity of molecular weight was low (Mw /M, < 1.1), and (4)
the overall molecular weight (M) varied over a large range; 4.9 X 104, 9.0 X 104, 1.4 X 105, and 9 X 105, The polymer
films were cast from tetrahydrofuran-methyl ethyl ketone (90:10), dried under vacuum, and then examined by low-
angle X-ray scattering. The placement of the spherical polystyrene domains was found to be a face-centered cubic
array. From the cell dimensions and the sphere size, the end-to end distance of chains, the interfacial region, and the
molecular weight dependence of domain size and spacing were deduced. The data are found to be in good agree-
ment with the theory of Meier if the interfacial tension is assumed to be 1 dyn cm~—1; a value that is in good agree-

ment with estimates made independently.

For some time the existence of phase separated domains
in carefully prepared triblock (ABA) copolymers has been
accepted. The most detailed theoretical description of
thermodynamic and conformational features leading to
microphase separations of pure A domains and pure B do-
mains from an AB chain has been given by Meier.22 In all
cases the sizes of the domains are related to the molecular
sizes of the A or B part of the triblock copolymer as well
as the ratio of A:B. Of course the compatibility of A and
B with each other and the flexibility of the individual
chains has a considerable influence on whether or not
phase separation will indeed take place and what type of
microphases can be expected to grow. For example, two
segments, A and B, that are scarcely different chemically,
are not likely to phase separate into pure A and pure B
domains, if indeed at all. Similarly any tendency to crys-
tallize will interfere with the separation because crystal
growth kinetics will interfere with the separation.

The ideal study of the thermodynamic parameters in-
volved in phase formation naturally would be concerned
with polymers that are: (1) not too similar chemically, (2)
are not readily crystallizable, (3) mobile throughout the
whole phase separation process, and (4) available over a
large range of molecular weight as well-prepared triblock
copolymers having no homopolymer or diblock copolymer
impurities. The polystyrene-polybutadiene-polystyrene
(SBS) triblock copolymers have these desirable features
and were chosen for this study, since: (1) the homopoly-
mers are known to be incompatible and therefore are
enough different chemically for phase separation;2® (2)
neither polystyrene nor polybutadiene is a crystalline

(1) (a) Facultad de Quimica, Universidad Nacional de Mexico, Mexico 20,
D.F., Mexico. (b) Institute of Polymer Science, The University of
Akron, Akron, Ohio.

(2) (a) D. J. Meier, J. Polym. Sci., Part C, 26, 81 (1969). (b) A. Droby and
F. Bayer-Kawenoki, J. Polym. Sci., 2, 90 (1947).

polymer when either is anionically polymerized; (3) the
glass temperatures of butadiene (—100°) and polystyrene
(~100°) are sufficiently low so that these materials will
have considerable mobility during the casting of films
from solution; and (4) the synthesis of these materials by
anionic polymerization poses no problems in obtaining
high molecular weights other than the rigorous exclusion
of impurities during the polymerization. Earlier work in
these laboratories had shown that this system could easily
yield good triblock copolymers,3:# and that the morpho-
logical features could be studied by low-angle X-ray scat-
tering.5

The study of the thermodynamic factors involved in the
triblock domain morphology assumes that somehow an
equilibrium state is attained. There is no sure way to de-
termine if kinetic processes are so hindered as to prevent
such an equilibrium state. However, it seems desirable to
avoid the high viscosity of the bulk state for as long as
possible. For this reason, this study of triblock copolymers
has concentrated on the morphology of solvent-cast films.
No attempt has been made to consider molded or extrud-
ed specimens. All samples were annealed under high vac-
uum at high temperatures in order to be certain that
there was only a one-component polymer system free of
solvent and that the final state of the cast film was as
near as possible to an equilibrium state.

The choice of the ratio A/B was made to ensure spheri-
cal domains for the microphases. In particular, a 27 vol %
of A was chosen. Other studies of the SBS triblocks at
higher and lower volume per cents polystyrene will be re-
ported later. The 27% polstyrene samples also had the de-

(3) L.J. Fetters, J. Elastoplast., 4, 34 (1972).

(4) M. Morton, J. E. McGrath, and P. C. Juliano, J. Polym. Sci., Part C,
26, 99 (1969).

(5) D. McIntyre and E. Campos-Lopez, Macromolecules, 3, 322 (1970).



